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Abstract 



We discuss the low energy effective action for the Bosonic and Fermionic zero- 
modes of a smooth BPS Randall-Sundrum domain wall, including the induced 
supergravity on the wall. The result is a pure supergravity in one lower 
dimension. In particular, and in contrast to non-gravitational domain walls 
or domain walls in a compact space, the zero-modes representing transverse 
fluctuations of domain wall have vanishing action. 
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I. INTRODUCTION 



Supergravity domain walls M have been recently the subject of much attention from 
a variety of different points of view (for example see p]-|lT|; for an earlier review [0). A 



central area of study has been that of the so-called Randall-Sundrum domain walls |13 
which trap gravity to their worldvolumes. It was recognized early on || that the tuning 
used to stabilize such domain walls is simply a supersymmetry condition. However it has 
proven very difficult to obtain smooth four-dimensional Randall-Sundrum domain walls from 
the known supergravities. This led to several no-go theorems |3],|14],||,|]1| . More recently a 



five-dimensional supergravity which admits a smooth Randall-Sundrum domain wall was 



obtained in 16 



In || it was observed that in a Randall-Sundrum background the proposed Goldstone 
Fermion from broken supersymmetry diverges on the wall. This result was interpreted as 
an explanation for the absence of smooth Randall-Sundrum domain walls in a large class 
of supergravities. However there are smooth domain walls of that type in four- dimensional 
supergravity [0 for which the the problem described in || still occurs, as it also does in 



the recent five-dimensional example |]I6 |. In addition, to the extent of our knowledge, the 
coupling of the zero-modes to the gravity on the wall has not yet been addressed. 

In this paper we would like to extend the discussion of the Bosonic and Fermionic zero- 
modes and obtain the effective action associated with these modes. In particular, we will 
reexamine the dynamics of the zero-modes of a supergravity domain wall (of the Randall- 
Sundrum type). The wall will be viewed as a solitonic object and thus our analysis will be 
analogous to the classic treatment of the low energy motion of monopoles in a gauge theory 



T7|, which was first applied to gravity in |18-p0[. We will see that in this context there 



is no problem with Fermion zero-modes, indeed these modes do not blow up on the wall. 
However, the dynamics of Randall-Sundrum type domain walls are qualitatively different to 
that of non-gravitational theories, or domain walls in compact spaces |2TH 24]j. In particular, 



in contrast to the Higg's mechanism observed in pl|j22]] for domain walls on a circle, we will 
see that the zero-modes that represent the transverse fluctuations are, in a sense, removed 
from the physical spectrum. This is caused by an exact cancellation between the positive 
tension of the domain wall and the negative energy density of bulk anti-de Sitter space. In 
effect the domain wall behaves as if it were tensionless. 

The rest of this paper is organized in the following way. In Section II the supersymmetric 
action (up to bi-linear Fermionic terms) in D dimensions is given: it contains a gravity 
supermultiplet and a matter supermultiplet, whose real scalar field creates a wall. There 
the form of the Fermionic and Bosonic zero-modes is given and their effective action, whose 
prefactors turn out to be zero, is discussed. In Section III we discuss the properties of the 
effective action and supersymmetry transformations for the theory reduced on the wall. In 
Section IV we conclude with some remarks, interpreting the results and suggesting further 
investigations. 

II. DOMAIN WALLS AND ZERO-MODES 

For simplicity we assume that we are in D-dimensions (D > 3) with only gravity, one 
scalar and their superpartners ip % m and A* active. Here i an internal spinor index which 
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we include for generality. We will restrict our attention here to supergravities where the 
supersymmetries takes the form 



5e m ^ = -e*r^/4 + c.c. , 

5(f) = €i\ l + c.c. , 
5^ m = V m e* + K D ~ 2 WT m e l , 

/ 1 dW\ 



(2.1) 



where an underlined index refers to the tangent frame, m,n = 0, 1,2, ...,D — 1 and k is 
the D-Dimensional Planck length. This is certainly not the most general form that one can 
imagine. In particular we have restricted the supersymmetry transformations to be diagonal 
in the i indices. However supergravities of this type have received considerable attention in 
recent years and the extension of our analysis to other supergravities is clear. In particular 
for the case of D = 5 a more detailed discussion can be found in [p6 ]. In even dimensions one 



expects that there are terms involving r^+i. However we expect that the analysis presented 
here is fairly insensitive to the precise form of the supersymmetry. 

An action which is invariant under these supersymmetries, at least to lowest order in the 
Fermions, has the form |J 

S = j d D xe {R + $ m F mnp V n % - K D - 2 d m <pd m ct> + /t D - 2 A 4 r m V m A J - k d - 2 V(<P) 
f) 2 W - 

+2(D - 2)k d - 2 —\\ 1 - (D - 2)h 2D ~ 4 WX 1 X - (D - 2)W^ m T mn ^ n 

+ l -K D d n <p^ mi r n Y m x i + A,r m r™c t ) + {p- 2)K D ^-^ mi v m x - A,r m ^) + . . . 

2 o(p 

(2.2) 

where the ellipsis denotes higher order terms in the Fermions. The scalar potential is 



V = A(D- 2) 



D-2 



(2.3) 



This action reproduces the equations of motion used in ||. 

We note that the supersymmetric vacuum configurations are simply AdS spacetimes with 
4> fixed at a critical point of the superpotential, W, so that V = —4(D — 1)(D — 2)k d ~ 2 W 2 < 
0. We will use coordinates in which the metric is 

ds 2 = dr 2 + e 2A r\ ilv dx ii dx v , (2.4) 

where A = —2n D ~ 2 W(<f)o)r, r = x " 1 and [i, v — 0, D — 2. The Killing spinors are of the 
form 

A = ^ A vl , 4 = {e^ A - 2k d - 2 W{<Po)^ a x»T^ rf_ . (2.5) 
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Here fj± are constant spinors which satisfy T r fj l ± = ±r]±. 

Our interest here is in supersymmetric domain wall solutions which have the same form 
for the metric 12.41 but the scalar field 6 is not constant and A is not a linear function 



0' = 2(L>-2)^, A' = -2k d - 2 W, (2.6) 

where a prime denotes differentiation with respect to r. This is merely a gravitational 
version of a BPS kink solution that interpolates between two supersymmetric vacua. Broken 
Poincare invariance implies that it has a Bosonic zero-mode f corresponding to the location 
of the kink, i.e. the general scalar field profile has the form 0(r — f) for any f. A particular 
class of domain walls are the so-called Randall- Sundrum type where W changes sign 
between the two vacua. These walls have the interesting feature that e 2A ~ e~ iK ' H/r ' as 
r — > 00 leading to localized gravity on the wall. For the rest of our discussion we will restrict 
our attention to these types of domain walls. 

Next we wish to construct the low energy dynamics associated to the zero-mode f. From 
the field theory perspective this is achieved by allowing f to depend on the walls' coordinates 
x M . One then simply evaluates the D-dimensional Lagrangian around such a background to 
lowest order in derivatives. In a theory with local diffeomorphism invariance one must be a 
little more careful. Following [^] we first note that the transformation 

Sg rr = , Sg^ = , 8g^ v = -2A'fe 2A 7]^ v , (2.7) 

that corresponds to an infinitesimal but constant shift r — > r — r is simply a diffeomorphism. 
However if we now let r depend on x M then ^L7\ is not a diffeomorphism and therefore we 
expect it to represent a physical mode. 



To continue we consider a variation of the form 2]7 with an arbitrary fluctuation r(x tl ). 
To obtain the effective Lagrangian we substitute the domain wall solution back into |2.2| , and 
then integrate over r. Note that this procedure does not imply that the full D-dimensional 
equations of motion are satisfied. Hence solutions to the effective action equations of motion 
do not lift to full solutions of the D-dimensional equations of motion. Instead they represent 
an effective description, analogous to the way that motion on monopole moduli space is an 
effective description of the behaviour of monopoles. However we must also check that the g rr 
and g^r equations of motion are satisfied identically since the effective action we construct 
does not have any fields that represents them (i.e. they act as constraints on the low energy 
effective action). 

With this prescription we obtain the (D — l)-dimensional Lagrangian (we postpone 
including variations of the metric on the wall until the next section) 



l B = l w - A{D - 2) 2 J dre^ A [^) - kP~ 2 [^) W 2 j ^d,fd v r , (2.8) 
where Lw is the integral over r of the Lagrangian evaluated on the wall solution 

t w = -8(D - 2) 2 I dre^ A ( V - kP 2 ( 2^±) W 2 ] . (2.9) 
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However we note that, for any d, 



2 < fl - 2 > ((J) - K °- 2 {dU) w 'j * iA = i ^ ■ < 21 °> 

Hence for a Randall-Sundrum domain wall, due to the exponential fall-off of the metric at 
large r, Lb = Cw — 0. Thus the effective action for fluctuations of the wall vanishes, even 
though these fluctuations are not diffeomorphisms. Note that this integral vanishes only if 
k ^ 0. 

Now we wish to consider the Fermionic properties of a domain wall. One can readily 
check that e\ is still a Killing spinor of the domain wall background, whereas e| is not. The 
fact that half of the supersymmetries of the AdS vacuum are preserved by the wall implies 
that the Bosonic zero-mode has a superpartner, so that the preserved supersymmetry is 
linearly realized. In particular the broken supersymmetry creates this Fermionic zero-mode. 
However in supergravity, or any theory with local symmetry, there are an infinite number 
of broken supersymmetries. Any such spinor is a linear combination 

e* = F+fji + F_ff_ , (2.11) 

with arbitrary coefficients F + (x m ) and F_(x m ). To continue then let us outline two natural 
choices for the physical Goldstino mode. 

At first thought we should choose the resulting Goldstino to respect the same sym- 
metries as the wall, i.e. — 0, ij) 1 — 0. This is obtained by acting with super- 
symmetry that is preserved by AdS space but broken by the wall: F + = 0, F_ = 
K i-D W -\( e -\A _ 2K D - 2 We 1 2 A x»T ll ) and yields 



2{D-2)ldWi, i 2(D-2) ( 1 dW\\,, t 



(2.12) 



This is precisely the Goldstino found in and diverges if the superpotential W changes 
sign. This will mean that when we construct the effective action for the Fermionic zero-mode, 
found by letting f\ % _ become a field which depends on x^, we find 

C F = A(D - 2) V- 2 ^ j dreW % + • • • , (2-13) 

where the ellipsis denotes cross terms involving fj_ i d u ri] l _. The existence of these terms 
indicates that a field redefinition is needed to put the action into a standard form. Thus 
in a Randall-Sundrum type of domain wall, where W passes through zero, the kinetic term 
for such a Fermionic zero-modes diverges. This seems contradictory since the kinetic term 
for the Bosonic zero-mode f is well behaved, indeed it vanishes. In this was used as an 
indication that W cannot change sign in a well-defined supergravity. However it is clear 
that the divergence is caused by the choice e* = W~ x e\. 

A better choice is to find a Goldstino mode with <9 M = but ^ ^ 0. This can be done by 
simply acting on the domain wall with the supersymmetry generated by e~^ A ff_ and yields 
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A' = 2{D - 2)^e"iV- , € = , % = 2k d ~ 2 WT ^ A ff_ . (2.14) 
This solution is much nicer. Indeed if we evaluate the effective action for it we find 

Cf = 4(0 - 2fj dre^ A (^-J - ^ W^j ^T^fjl . (2.15) 

Thus we encounter precisely the same, vanishing, integral that we obtained for the Bosonic 
zero-mode. In addition the cross terms involving fi_ i d u ffi t _ are total derivatives and can be 



discarded. Therefore |2.14| seems to be the correct choice of Goldstino that is linearly related 
to r. 

It is instructive to contrast this discussion with the case of a domain wall a in non- 
gravitating theory. Specifically, we take the flat space limit k = and set e - = 5 -, 



ip l m = 0. Thus the original /^-dimensional action |2T^ simplifies to 

S K=0 = - f d D xld m 0d m + 4(D-2) 2 f^j -A,r m (9 m A 4 - 2[D -2)^X^1 (2.16) 



The supersymmetry transformations are easy determined from |2.1| by setting k = and they 
reduce to the rigid supersymmetry 5fj l _ = ^T^d^r , 5f = —e+iff"_ + c.c. However, integrals 
of terms of the form |2.10| no longer vanish and we instead find the effective action of a free 



scalar r and its superpartner ff_ 

2 



C K=0 = ~8(D - 2f f dr (l + \d»rd»r - \f,^d,ff}j . (2.17) 

The integral over r is again a total derivative and can be evaluated to be 4(D — 2)|H / (r = 
oo) — W(r = — oo)|, which is simply the tension of the domain wall. Thus the low energy 
dynamics of the zero-modes in the supergravity domain wall can not be continuously reduced 
to the flat space limit by making k arbitrarily small. 



III. SUPERGRAVITY ON THE WALL 

In this section we are interested in understanding how the zero-modes found above, 
which describe the fluctuations of the wall, couple to the gravitational fields. We will be 
primarily interested in whether or not the full effective action of the wall can be identified 
with a (D — l)-dimensional supergravity. Previous studies have discussed the reduction of 
the supergravity to the wall |],[|[7]|| however these have not included the zero-modes, i.e. 



they treat the wall as rigid. We also seek to further justify the choice [2.14| as the correct 
Fermionic zero-mode. 

More precisely we wish to reduce the .D- dimensional supersymmetry involving 
e£, 0, X\ ip l m to (D — l)-dimensional supersymmetry involving f, rf_ and the bulk supergrav- 
ity fields, suitably dimensionally reduced. In particular we consider the following standard 
ansatz for the Bosonic fields 
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<p = (p{r — r) , 

A = A(r - f) , 

1 e aA K 
e A e/ 



(3.1) 



where and A continue to satisfy the domain wall Bogomoln'yi equations [2.6| and a is a 
parameter that we will fix shortly. In what follows we use tildes to denote (D — l)-dimensional 
fields and T M = e^-IV Our next task is to determine the correct form for the Fermions so as 
to obtain a supersymmetry acting only on the (D — l)-dimensional fields living on the wall. 

First we note that the action [2^, when expressed in terms of the new fields, is still 
invariant under the supersymmetry |2.1| . Although the transformations given in £D] are 
symmetries for any e\ we are only interested in those that preserve the domain wall. Thus 
we are led to introduce the (D — l)-dimensional supersymmetry generator e\ as 



e* = , (3.2) 



where T r e\ 



With the form for A* given in 2.14 the 5 (ft and 8X l variations simply reduce to 



5r = —e +i rf_ + c.c. , 



(3.3) 



Recall that we restrict to terms that are at most quadratic in the Fermi fields. The super- 
symmetry reduces to an expression that involves only the (D — l)-dimensional fields only if 
a = 0. That this occurs at all is due to the precise form for the A* Goldstino in |2.14| and 
does not occur if we used any other form. The appearance of A^ is reminiscent of a Higg's 
mechanism where A^ "eats" d^r. Thus we see that f and ff_ defined by p. 14 are indeed 
superpartners on the wall. 

Next we must ensure that the gauge choice e r - = 1 and e r = is preserved by the 
super symmetries generated by e\. This implies that ip l r = 0. However to preserve ipl = 
we must have 



1 



= = ~F^T^e-l% , (3.4) 

o 

where here, and in what follows, we have set a = 0. Thus to preserve supersymmetry on 
the wall we must set = 0. Note that this does not necessarily imply A^ = 0. Another 
way to see this restriction arises in the physically interesting cases of D < 5. It is not hard 
to see that the reduction of the Einstein-Hilbert action in D dimensions using the ansatz 



3TT1 leads to the kinetic term 

r dre^ A F 2 , (3.5) 



An 

for the graviphoton. Clearly in D < 5 the integral over r is infinite. From the point of 
view of the theory on the wall this can be interpreted as saying that the (D — l)-dimensional 
electromagnetic coupling constant vanishes and hence Maxwell's equation is simply F^ = 0. 
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Next we consider the gravitini if) 1 . In particular, using [2.14| as a guide, we let if) 



2k d 2 W e2 A T + +ez A ip l ^ + + e@ A ip^_ + e lA T where (3 and 7 are to be determined. Note 
that x+ and ff_ can be distinguished from each other by their chiralities and the coefficient 
of ip l ^ + will be justified by the calculations which follow. Considering the variation of if)^ we 
find 

+ c 0-*VS*0<_ = V^eV , 5x\ = , (3.6) 

where we have used the restriction = 0. Next we substitute this ansatz into the variation 
of 1 = to find 

6 A, = e^ A l +i if)l_ + S + ^ A l +l t,x\ + cc. . (3.7) 

To ensure that the right hand side is independent of r we must set j3 = 7 = —1/2. Thus x\ 
plays the role of a graviphotini since 5A^ = e +i T fl x\ while iff is sterile in the sense that 
pT6| implies f^L- = 0. However, as with A^ above, it is easy to see that the 1])* and x+ 
kinetic terms in the effective action are infinite if D < 5 and hence they must be set to zero. 
This also follows by supersymmetry for any D since we must have F^ v = for all variations 
t\. Thus we set iff = x+ = 0. 

Lastly we can obtain the variation of the vielbein on the wall 

6e£ = -e~ +l f^; + - 2K D - 2 W~e +i T^rj%x + cc. . (3.8) 

Here we find that the variation involves the r-dependent term 2K D ~ 2 We + iT—fj l _e II x + c.c.. To 
continue let us first summarize our calculations so far. We have found the following ansatz 
for the Fermions 

dW 1 a ■ 
A« = 2(D-2)^e-iV-, 

% = 2K D ' 2 We^ A t,ff_ + e^; + , 

(3.9) 



which leads to the symmetry 



5e* = -e+i^W ~ 2K D - 2 Wl +i t^rf_~e,x + cc. 

5r = —€ +i fj l _ + cc. , 
5A^ = , 



(3.10) 



where we have imposed Fn V = 0. 
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The additional term in the vielbein variation is puzzling. However it is in fact rather 
harmless. To see this we may obtain the effective action for the (D — l)-dimensional fields by 



substituting in the ansatz |3.1|,|3.1| into 1273. For a Randall-Sundrum domain wall this yields 



t = ^~i\ dr e {D - 3)A e{R + ^ +l f^V u ^ p+ } . (3.11) 



Note that in deriving [3.11| we have discarded several terms whose integral over r vanishes 
due to the asymptotic fall off of the metric. We have also checked that the g rr and g^ 
equations of motion are satisfied identically. 



The action |3.11| is the minimal supergravity Lagrangian in (D — 1) dimensions. The 



integral over r in |3.11| is finite and is simply absorbed into Planck's constant in (D — 1)- 
dimensions. In addition f , and rf__ have all disappeared from the action, i.e. they do not 
represent any physical modes of the low energy effective dynamics. Therefore without loss 
of generality we may set A v = —d u r and ff_ = 0. In this case the final supersymmetry on 
the wall is just that of a minimal supergravity 

Sef = -I+if ^ + c.c. , 

= • 

(3.12) 



We note that for an arbitrary choice of f(x) and 5g pr = the corresponding variation |2] 
of the wall is not a diffeomorphism. However in the special case that A^ = —d^r, where the 
supersymmetry of transformation rules are simple, then the variation is a diffeomorphism. 

In a sense the Bosonic zero-mode is eaten by the graviphoton, in a manner similar to 
pl| , |22[| and similarly the gravitini has, in a sense, eaten the Fermionic zero-mode. However 
the graviphoton and (part of the) gravitini are not really massive but rather have been 
frozen out all together. Furthermore, and in contrast to the Higg's mechanism, the kinetic 
terms for r and ff_ have disappeared. Thus, rather than becoming components of some 
massive fields, the zero-modes are completely removed from the physical spectrum. We can 
understand the vanishing of the kinetic terms for f and rf_ as an exact cancellation between 



the positive tension of the domain wall, given by the first term on the left hand side of |2.10| , 
and the negative energy density of anti-de Sitter space, given by the second term on the left 
hand side of |2.10| . 



We would also like to contrast our results to those obtained in where the effective 

action for (infinitely thin) Randall Sundrum domain walls, where the transverse dimension 
was a compact Z 2 orbifold. In this case prefactor for the a kinetic energy term of the modulus 
is non-zero. Note however, that in this case the transverse direction is finite (due to the 
orbifold compactification) whereas here the vanishing of the kinetic terms arises because of 
the infinite extra dimension. In addition in this case, the choice of the boundary conditions 
seems to remove the the Bosonic zero mode r. Consequently the authors of allowed 
for a more general fluctuation of the metric component g rr and this may be an interesting 
direction to further explore within our context. We also note that the action that we have 
considered should be viewed as a truncation of supergravity to the sector most relevant to 
the domain wall. In general we expect that there will be other scalars and p-form fields 
which will contribute to the low energy dynamics. However we do not expect that these 
fields will affect the dynamics of f that we discussed here. 
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IV. CONCLUSIONS 



In this paper we have evaluated the effective action for the Bosonic and Fermionic zero- 
modes of a Randall- Sundrum domain wall. Our result was simply |3.11| , i.e. pure super- 
gravity. In particular the zero-mode, and its superpartner, that are normally identified with 
transverse fluctuations of the wall were found to have a vanishing action. 

Given this somewhat surprising result it seems appropriate to mention some aspects 
of the approximation that we have used to obtain the effective action. In particular we 
considered slow motion on the moduli space by allowing the domain wall to fluctuate and 
then evaluating the action to second order in derivatives. As a consequence some modes, 
such as the graviphoton, are frozen, i.e. their kinetic terms diverge. This is a familiar effect 
in soliton dynamics and implies that the low energy dynamics is restricted to a subspace of 
the full moduli space. In particular the freezing of half of the gravitini leads to the reduced 
supersymmetry in the effective theory. Other modes, such as the fluctuations of gravity 
along the wall, are described by the appropriate action in the lower dimension and lead to 
non-trivial dynamics at low energy. However the transverse fluctuations have not been frozen 
out, nor do they have a kinetic term. Instead they disappear from the action regardless of 
the form they take. In effect, even though these modes are not diffeomorphisms in the full 
theory, they behave like diffeomorphisms from the perspective of the effective theory. 

Note that the effective action does not contain the full dynamics of the theory, just those 
that are relevant to small fluctuations about the soliton. It would be interesting to further 
understand the validity of this approximation and determine if there are applications to 
brane-world scenarios where the low energy dynamics of our world are insensitive to the 
presence of the extra-dimension through any of the fluctuations of the domain wall. 
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